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Nomenclature

A = matrix with components G (x;, X,,)
B[] = boundary operator of mathematical model
b(-, ") symmetric form associated with boundary
operator B
= basis expansion coefficients
vector with components ¢,,
-] = mathematical expectation operator
= response of physical system
= arbitrary function exactly satisfying
boundary operator B
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f = hypersurface that gives global minimum of
Eq. (5)

fa = network response; numerical approximation
of f

Jfeor = correction of f, using experimental data

fe(x) = experimental measurements of F(x;)

£ = vector with components f, (x;)

Jo = response of mathematical model

fo = vector with components f;(x;)

G(,) = Green’s function of mathematical model
= algebraic function

oy
|

Received Sept. 19, 1996; revision received May 29, 1997; accepted for
publication July 15, 1997. Copyright © 1997 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Research Associate, Department of Mechanical Engineering and Mate-
rials Science. E-mail: zeldin @rice.edu. Member ATAA.

T Associate Professor, Department of Mechanical Engineering and Mate-
rials Science. E-mail: meade@rice.edu. Member ATAA.

1 = identity matrix

L[] = linear self-adjoined differential operator

I{-,-) = quadratic symmetric energy form associated
with L

p = weighting function

q = Lagrange multiplier function

RY = d-dimensional Euclidean space

R(@) = residual of Eq. (20)

s = parameter related to operator L, where s > 0

Varl-] = variance of a random variable

X = (xy,...,%;) = d-dimensionalspatial coordinate

o = regularization parameter where o > 0

B = set of general artificial neural network

parameters; set of basis function parameters
and basis expansion coefficients

Ag = radial basis function parameter

8() = Dirac delta function

8 =8(x —xj,x —x;)

0] = objective function

= radial basis function parameter

= positive constant

= smoothness-based Tikhonov regularization

functional

= noise of measurement

= arbitrary variable

positive constant

= basis function

energy functional of mathematical model

arbitrary functions

spatial domain of mathematical model

spatial boundary of mathematical model

norm in Sobolev space of order s

= inner product
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I. Introduction

HE goal of engineering analysis is to obtain a comprehensive

description of a physical system of interest. Three approaches
to this goal exist: theoretical analysis of mathematical models, phys-
ical experimentation,and computationalmechanics.! None of these
approaches is superior, and they should be used in combination.
Though it is known in the engineering community that successful
analyses rest upon the proper balance of all three approaches, few
attempts have been made in uniting experimental, theoretical, and
numerical methods in the literature. It is the objective of this Note
to develop a method that effectively combines all available infor-
mation, from both experimental data and mathematical models, in
the emulation of physical systems.

The technical approachutilizes a common tool borrowed from ar-
tificial neural network (ANN) applications, the theory of Tikhonov
regularization of ill-posed problems.? Specifically, the problem of
mathematicalanalysis of experimentaldata is treated as an ill-posed
problem. Its regularization involves the introduction of additional
informationregardingthe physicalsystem.Itis proposedthata priori
mathematical models of physical systems be utilized at appropriate
degrees of fidelity for regularization. The example problem is used
toillustratetwo major benefits of the approach: 1) to show the benefit
of employing a priori mathematical models of low degree of fidelity
for extrapolation from sparse data, and 2) to show the usefulness
of incorporating a priori mathematical models in the processing
of experimental data corrupted by noise. The radial basis expan-
sion is used as the numerical approximation tool in the developed
method.

II. Method for Data Analysis: Regularization
by A Priori Mathematical Models
The popular Tikhonov regularization method> was originally
adopted for ANN systems by Poggio and Girosi® and extensively
used in ANN applications*? In this case, a set of constraints on the
network approximation f, (x, B) is introduced through the Tikhonov
regularization functional A[ f, (x, )], which specifies the penalty
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givento the oscillatorybehaviorof f, (x, B); the network parameters
can be determined by minimizing the objective function

N
€(f) = D 1) = Ll P + oAl )] (D)

i=1

Unfortunately, conventional smoothness-based Tikhonov regular-
ization of the Poggio-Girosi method may not be consistent with the
smoothness required in emulating a physical system and so would
be unable to properly approximate with noisy experimental data.
Instead, the authors believe that the regularization should be based
on an a priori mathematical model of some level of fidelity. This
regularized model then can be approximated by more conventional
computational methods.

A large class of mechanics problems can be described by the
equations

L[ fo(x)] = g(x), x€Q and B[fy(x)]=0, x €0
()

The solution to Eq. (2) also can be determined by minimizing the
following quadratic (energy) form:

O(f)=3USf f) = (8. /) (3)
Because for any f that satisfies the boundary conditions

fo, f) =18 1) 4)
substituting Eq. (4) into Eq. (3) yields

O(f) = U = fo, £ = fo) = 31{fo, fo)

= 2I(f = fo. [ — fo) + constant

From a physical perspective, the functional @ (f) penalizes the me-
chanical energy of the discrepancy between the function f and the
response of a mathematical model fj.

With the use of f and the energy functionalof Eq. (3), regularized
modeling can be formulated as the minimization of the objective
function

N
e(f) = Z | felxi) = fGxn)l? +a(%l(f, ) — (s, f)) ®)

i=1

which combinesinformationfrom experimentaldataand the a priori
mathematical model. Note that « represents the degree of reliance
on the a priori mathematical model of the physical system relative
to the reliability of the experimental data.

A. Analytical Approximation of Regularized Mechanical Systems
The formation of a regularized model of a mechanical system

is identical to approximating the hypersurface f(x) that gives the

global minimum of Eq. (5). In this context, analytical study of f(x)

is essential for evaluating the properties of the regularized model.
Because f(x) is the global minimum of Eq. (5),

. 2L .
Lifl=g+= (fe) = L)) —x).  xe@

i=1

and
B[f]1=0, x €0Q (©6)
From Eq. (6) it can be deduced that f contains two components:
F) = fox) + feor(x) (7)

These components can be determined by the equations

fo(x) = / G(x,§)g(5)dé
Q

and
N

2 ~
fer@) = =3 (fol) = F0)) G, ) @®)

i=1
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where the Green’s function G(x, &) satisfies the boundary value
problem

LIG(x,5)] =48(x =), x e

and
B[G(x,£)]=0, xe€aQ
Substituting Eq. (8) into Eq. (7) yields
N
f@) = fo@) + ) eGx,x) ©)
i=1
where the coefficients are defined as
;= /) (fo(x)) = F(x)) (10)

The coefficients can be evaluated by substituting Eq. (9) into Eq.
(10), resulting in

D) N
Cj = ;(fe(xj) - fO(xj) - ZC,‘G(XJ,X,‘))

i=1
j=1,...,N (11

with which ¢ can be isolated. With the substitutionof ¢ into Eq. 9),
f can be written as

N -1
~ a - -
F) = foo + )G, x,-)[(A +31) G _fo):| (12)
i=1 2 i

Note that the matrix A of Eq. (12) is positive definite because, for
an arbitrary function ¢ (x), we can write

//G(x,$)¢(§)¢(x)d$dx=/1l/(x)¢(x)dx
QJQ Q

= /W)me]dx:lw, ¥)
Q

where v (x) is the solution to Eq. (2) for g(x) = ¢ (x) and satisfies
the boundary condition. Therefore,becausethe quadraticform (-, -)
is strictly elliptic,

//G(X,$)¢(§)¢(x)d$dxzlclltlfllzx(m>0 (13)
QJQ

Substituting

N

P =D b —x)

i=1

into Eq. (13) yields
/ / G(x,8)p()p(x)dsdx =¢"Ac > 0
Qe

Because A is a positive-definite matrix, the matrix (A + «l/2) is
also positive definite for any positive value of the parameter «. As
a result, the vector ¢ can be evaluated in a computationally stable
manner.

Because the range of the regularizing parameter « is the set of all
positive numbers, it is prudent to obtain qualitative results for the
limits of «. Equation (12) indicates that, as @ — 00, f(x) — fo(x),
as expected, because, with @ — 00, experimental data become less
relevant and f emulates more of the a priori mathematical model.

Fora — 0, the a priorimodel of the mechanicalsystemis assumed
to be increasingly unreliable compared to the experimental data.
Equation (12) gives

N
@) = 0+ G )AL —f)]

i=1
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so that the regularized solution interpolates the data f,(x;) exactly
because

N
fO(‘xj) + Z G(-xja ‘xi)[Ail(f_‘e _f_b)],

i=1

N
= fo)) + Y _8ulfe —foli = £.(x)
i=1

As aresult, the a priori mathematical model of the mechanical sys-
tem does notcontributeto f in theregionofadequatedata. However,
the mathematical model is not eliminated from the modeling pro-
cedure;itis used by f to extrapolate the data to the regions lacking
data. In an alternative perspective,as « — 0, the function f can be
thought of as a response of the a priori model attached to the data
points.

B. Numerical Approximation of Regularized Mechanical Systems
The radial basis expansion used to approximate f can be de-
scribed by the equations

JZ(%E)ZZCW(%;M) and o) =eF"?  (14)

k

Because the basis expansion of Eq. (14) does not satisfy the bound-
ary conditions of the mathematical model for arbitrary 8, the objec-
tive function of Eq. (5) is augmented to incorporate the boundary
conditions. Specifically,

N
e(f) =Y _1folx) = fulxi. PP

i=1

1
+Ol<51(fa,fa)—(g, f)+b(fa,q)) (15)

where b(-, -) can be defined as
b{f,q) =/ B[f(&)]q(§) d&
Ffo)

By preselecting the distribution and localization properties of the
radial basis functions, Eq. (15) is minimized with respect to the
remaining unknowns, ¢;, resulting in

M N
> (auo, @), 0, () +2 Y o,(x,-)mx,-))c,

j i=1

N
+ab(o,(x), q) = (g, 0 (X)) +2 Y fo(x)op(x,)

i=1
for k=1,...,M (16)

and
M
chb(oj(x),p) =0 (17)
j
where p and g belong to an appropriatefinite dimensional subspace.
Equations (16) and (17) are known as the Galerkin method.® This

observation provides a useful link between the proposed method of
data analysis and methods in computational mechanics.

III. Example Problem

Consider a one-dimensionalengineering system governed by the
differential equation

—i [a(x)iF(x):| =ux, x € (0,1), FO)=F1)=0
dx dx

For this example problem, the value of a = 1 is selected for the
exactsystem. An a priori mathematical model with ap = 1.3 is used
along with the regularizing functional

L (dr) !
q)(f)_E/ ao(d_x) dx—/ xfdx
0 0

2
1 (" (df d
5/0 a0<d—£—d—];0) dx + constant (18)

Regularizationby the functional of Eq. (18) suppresses oscillations
of the experimental data that are dissimilar to the oscillatory be-
havior of the a priori model. Consequently, the approximation of a
regularized mechanical system should filter the data noise.

A. Results from Analytical Approximation

The experimental data for the extrapolation study are obtained
from the physical system response at x = 0.25 and 0.75, which are
shown as trianglesin Fig. 1. The optimal curve f, regularizedby the
a priori mathematicalmodel, is evaluated from Eq. (12) and is shown
in Fig. 1 for the regularization parameter « =0.01. By selecting
values of «, Eq. (12) acts as a penalty method. The optimal curve
passes through the data points; the curvature in the region between
data matches the curvature of the a priori mathematical model. This
can be shown by noting that the function f. (x) is a piecewise linear
function in the regions between data points.

As mentionedearlier, the use of Eq. (18) for regularizationshould
filter data noise. Noisy experimental data were generated for this
study by adding random noise y to the response of the physical sys-
tem; the random noise was statistically independentof location and
uniformly distributed between £d /2, where d = 0.025, and with
variance Var[ut] = d?/12. The generated data points are displayed
as triangles in Fig. 2. Unlike the extrapolation example, the value
of the regularizationparameter « was determined such that Eq. (12)
and the constraint

N N
Z Ifo(x) — fxp)? = E|:Z/L,2:| =N-Var[ul=p (19)
i=1 i=1

were satisfied for f = f. More specifically, « minimized the mag-
nitude of the equation residual R(«), where

N N
R@) =Y |fo(x) = folw) = Y G, x)
k=1 i=1
2
a \“b - -
x [(A+ 2 _fo)i| ~p 20)
i
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Fig. 1 Extrapolation from insufficient data for o = 0.01: —, me-
chanical system F(x); - - -, regularized approximation f(x); and ---,

numerical approximation f, (x).
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Fig.2 Interpolation of data with noise for optimal o: ——, F(x); - - -,

f@); and ---, f,(x).

Use of Eq. (20) requires a priori knowledgeregarding the intensity of
the random noise in measurements. This is usually availablein engi-
neering applications. The optimal &, which acts as a Lagrange mul-
tiplier, was determined through the dichotomous search technique.”
The regularized curve of Fig. 2 (- --) shows that the developed
method of data analysis can successfullydiscriminatebetween noise
and the physical system response.

B. Results from Numerical Approximation

The numerical approximation by basis expansion consisted of
seven (M = 7) Gaussianradial basis functionsin which the transfer
function centers were uniformly distributed in the segment [0, 1]
with the center of the two boundary functions located at x = 0
and 1, respectively. The parameters A, of Eq. (14), describing the
localization properties of the Gaussian function, were all selected
to be equal to é Figure 1 illustrates the acceptable matching be-
tween the analytical solution of the regularization problem and the
numerical approximation. Figure 2 shows that the performance of
the basis expansionin modeling with the noisy data of Sec. IIL.A is
satisfactory. In the interpolation study, & was determined such that
Eqgs. (16) and (17) were satisfied with Eq. (19) for f = f,.

IV. Summary

A method of combining experimental data and physical models
is presented. Specifically, physical models of engineering interest
can be expressed in the form of empirical, differential, and/or inte-
gral equations of varying degrees of fidelity. These model equations
can be incorporated in the form of a regularizing functional for a
robustmatching of experimentaldata. The method can be viewed as
the adjustment of a low-fidelity, and computationally inexpensive,
mathematical model response by experimental data. The developed
method also can be viewed as an efficient procedure for interpo-
lating experimental data by utilizing physically motivated criteria.
Further, it has been shown how the developed method can be used
to successfully extrapolate the physical system response at unmea-
sured coordinates and filter noisy experimental measurements. The
radial basis expansion has been examined as the computational ap-
paratus of the developed method. However, the developments of the
paper retain a sufficient level of generality and can be implemented
in conjunction with any of the commonly used methods, including
finite difference and conventional finite elements.
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to Pressure-Sensitive Paints

J. P. Hubner* and B. F. Carroll
University of Florida, Gainesville, Florida 32611-6250

Introduction

HIS Note describes the applicationof a nonlinear dual sorption

theory'-? for modeling the steady-state emission of pressure-
sensitive paints (PSPs). Calibration comparisons with polynomial
expansionmodels are presented over a 1-atm pressure range for two
PSP formulations.

Theoretical Background

PSPs are composed of probe molecules—luminophors—doped
into an oxygen permeable binder and dissolved in a thinning agent
that forms a coating when sprayed onto a surface of interest. The
luminescent intensity variation of most PSPs used in aerodynamic
applicationsis described by the Stern- Volmer relation®~>

Iy/I =1+ K[O,] (1)

where I, is the unquenchedintensity, / is the quenched intensity, K
isthe Stern-Volmer coefficient,and [O,]is the oxygenconcentration
within the coating. The concentration of sorbed oxygen in a liquid
is related to the partial pressure of oxygen by Henry’s law:

[02] =0 (T) Po, (2a)
where
Po, = %o, P (2b)

and where o is the solubility coefficient (modeled as a function of
temperatureonly), P is pressure, T is temperature,and x is the mole
fraction of the penetrant. When ratioing intensities at two pressure
levels, one designated as a reference (ref), the common form>~¢ of
the intensity-pressure relationship for PSPs is derived from Egs. (1)
and (2a):

(Iref/l) =A + B(P/Pref) (3)

where the coating sensitivities A and B are functions of temperature
and reference conditions if all other conditions are held constant,
e.g., illumination intensity.
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